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• Basic notions on frustration – Definition –
Classical non-collinear configurations –
Exemple of the J1-J2 model

• Some frustrated lattices & related 
materials – Quantum disordered phases 
(VBC & spin liquids) – Exotic QCP 
scenarios

• Effective models – Quantum dimer models
• Some doping issues – Impurities and 

mobiles holes in VBC & spin-liquid hosts



Review book “Frustrated Spin Systems”, Ed. H.T. Diep
(World Scientific 2004)

Recommended advanced reading on the subject



The concept of frustrationThe concept of frustration

? ?
Topological origin Extended range interaction

For classical spins, one cannot minimize independently 
all bond (AF) interactions



Defining frustration IIDefining frustration II
Frustration = infinite degeneracy of classical ground state

JJ11--JJ2 modelmodel (J(J22>J>J11/2)/2)

Effect of quantum fluctuations?

Kagome lattice

J1

J2

Courtesy of Mila’s family



Simple considerations 
for classical spins

Simple considerations 
for classical spins

By Fourrier transform:

Minimize J(k)



Spiral configuration (non-collinear – coplanar)



Classical J1-J2 modelClassical J1-J2 model

Minimum of J(k)



Quantum fluctuationsQuantum fluctuations
1/S expansion (using Holstein-Primakoff) transformation 

=> bosons

Point zero quantum fuctuations

Order-by-disorder phenomenon
(Villain)



Emergence of exotic Quantum 
Disordered Phases ?

Emergence of exotic Quantum 
Disordered Phases ?
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A. Chubukov, PRB 90
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Quantum fluctuations

Valence Bond Crystals RVB



Simple frustrated lattices

& related frustrated spin compounds



Lattices of corner-sharing unitsLattices of corner-sharing units

Pyrochlore lattice Checkerboard lattice

Corner-sharing tetraedras in 3D & 2D

A lattice for theorists !



The Kagome latticeThe Kagome lattice
2D lattice of corner sharing triangles

Very high degeneracy !!







Quantum disordered phasesQuantum disordered phases

& Quantum Critical Point (QCP) scenario



(Fouet al.) (Mila et al.)





Plaquette correlations in J1-J2-J3Plaquette correlations in J1-J2-J3

J2=0, J3=0.5 J2=0.1, J3=0.4 J2=0.2, J3=0.3 J2=0.3, J3=0.2 J2=0.4, J3=0.1 J2=0.5, J3=0

J3=0.2 J3=0.3 J3=0.4 J3=0.5 J3=0.6 J3=0.7

Mambrini, Läuchli et al. 2006  (Exact diag. 32 sites cluster)



Deconfined Critical PointDeconfined Critical Point

Frustration 

AF VBC

Beyond Ginzburg-Landau paradigm of phase transitions !
Senthil, Sachdev, Fisher et al.

Also investigated numerically by Sandvik et al.

Deconfined
spinons



Effective modelsEffective models

Quantum dimer models



MotivationsMotivations

• Construct models to focus on low energy 
dynamics in the singlet sector 

• Ignore magnetic excitations: justified for gapped
magnons or spinons

• Need for models simpler than spin models but 
can nevertheless exhibit both dimer-liquid and 
VBC ground states



Classical dimer modelClassical dimer model

V

A typical (hard-core) dimer
covering of the square lattice

Number of “V” plaquette
in configuration |c>

Dimer repulsion



Adding quantum 
fluctuations:

The Quantum Dimer
Model

Adding quantum 
fluctuations:

The Quantum Dimer
Model

V

V

V

V

J

|c’>

|c>

Dimer flip

Rokhsar & Kivelson, PRL 88



Relation with SU(2) spin modelsRelation with SU(2) spin models
SU(2) Valence Bond  dimer covering

Length of the loops of overlap graph

Small parameter : 

Sutherland, 1988:

RK, 1988: Expansion to order x^n
→ Hamiltonian with up to n-dimers terms

Orthogonal basis by construction



Phase diagramPhase diagram

10.6 V/J

Syljuasen, PRB 2006

RK point: critical VB spin-liquid

No minus sign problem => QMC:



Rokhsar-Kivelson pointRokhsar-Kivelson point

For J=V: sum of projectors

exact GS with energy E=0

Infinite-T
Classical DM

Quasi-long ranged (critical) dimer-dimer correlations



RVB liquid on the triangular latticeRVB liquid on the triangular lattice

Moessner & Sondhi, PRL 2001

Again for V=J, mapping to classical problem (RK point)

Dimer flips on all Rhombi (3 kinds) of the lattice 

Pfaffian calculation

Finite correlation length 
Exponential decay of dimer-dimer correlations 

{
Degeneracy from “topological order”
GS have different “winding numbers”

E



On doped frustrated magnets





Kinetic frustrationKinetic frustration
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singlet triplet

t-J model not particle-hole symmetric  => sign of t matters !

t>0 : E=-2t E=-t
E=-|t| E=-2|t|t<0 :





Two emerging length scalesTwo emerging length scales

Frustration 

AF VBC

QCP

Senthil et al.



Injected hole acts like a probe:
bare and dressed wavefunctions
Injected hole acts like a probe:

bare and dressed wavefunctions

Ground state of the Mott insulator
Remove a spin down at a given site O

Leaves behind a spin up polarization 
at a typical distance          from site O

Profile of spinon wavefunction



D.P. et al. PRB (2006)





Single hole Green functionSingle hole Green function

Use Lanczos continued-fraction method

“Bare” wavefunction
(Bloch state)









Summary / ConclusionsSummary / Conclusions
• Frustration + quantum fluctuations lead to exotic 

disordered GS (VBC, SL, …)
• Possible realization of exotic physics 

(deconfined spinons, Deconfined Critical Points, 
etc…)

• Variety of fascinating materials (insulators) to 
look for such behaviors (pyrochlores, Kagome, 
etc… )

• Microscopic models are hard to simulate (Exact 
diagonalisations) but effective QDM easier

• The doping issue might reserve many surprises 
but needs further investigations 


	Introduction to frustrated magnets
	OUTLINE
	The concept of frustration
	Defining frustration II
	Simple considerations �for classical spins
	Classical J1-J2 model
	Quantum fluctuations
	Emergence of exotic Quantum Disordered Phases ?
	Simple frustrated lattices
	Lattices of corner-sharing units
	The Kagome lattice
	Quantum disordered phases
	Plaquette correlations in J1-J2-J3
	Deconfined Critical Point
	Effective models�
	Motivations
	Classical dimer model 
	Adding quantum fluctuations:��The Quantum Dimer Model
	Relation with SU(2) spin models
	Phase diagram
	Rokhsar-Kivelson point
	RVB liquid on the triangular lattice
	On doped frustrated magnets
	Kinetic frustration 
	Two emerging length scales
	Injected hole acts like a probe:�bare and dressed wavefunctions
	Single hole Green function
	Summary / Conclusions

