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Trotter splitting and introduction of complete sets of spin states
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Trotter splitting and introduction of complete sets of spin states

<O0O> =

L >
PR

Hli—g)lo [Z < Up|® < so|Pe 2T H|sp_1 > - < s%+1|e_ATH|3
{si}

—ATH
X < 3%+1|O‘5% >< S%|e 4 |S%_1 >

X oo < 81|6_ATH7D’S() > ®‘\I’T > ]

X [Z < Ur|® < 80|Pe_ATH|3L_1 > ..
{si}

—1
X < Sl‘e_ATHP‘SO > ®|\IJT > ]

where AT =6/L.

The Hamiltonian has only nearest neighbor terms
—— checkerboard decomposition
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4.2 Matrix elements with spin states

Bond Hamiltonian for the t-J model

J
4

H<z’,j> = A(l—l—UzO'j)—l— [——B] (O'z

where A =

(f1f;+515) . and

DO |

It holds [A, B] = 0.

Bond Hamiltonian for the Heisenberg model

H
H<Z,j>
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Canonical transformation for the spin part
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Matrix elements

i) <1 1] e d7H<is> |1 1>= exp (~AT24) .

i) <L | emA7H<i> || |>= exp (~AT24) .
iil) <1 1| e 37H<io |1 | >=L{exp (—Ar24) +exp [Ar (24+ 7 —4B) |} .
i) <1 || e A Heig> || 1>=1 {— exp (—mzfx) + exp [AT (zft +J - 41%)} } |

v) <| 1| e A7 |1 |>= ).

vi) <] T| e ATH<ii> || T>= iii).
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4.3 Partition function

Although we are at 7' = 0, we have formally a partition function (or
generating functional)

Z

Z <Up|® < so|Pe™ 2 H|sp_1 > - < 51l 2THP|sg > @V >
{si}

S W (sl W [{s)]
{si}

where Wg [{s;}] is the weight of a pure Heisenberg model for a spin-
configuration {s;}, and

W g [{SZ}] = < \Ile Q) < SQ‘G_ATH‘SL_l P EREERY 81|6_ATH|80 > ‘\IJT >,

with the definition

< Sg‘e_ATH‘Sg_l >
< sple=ATH |5, 1 >

< 8g|e_ATH|Sg_1 > =



4.4 Trnial wavefunction and fermionic evolution



4.4 Trnial wavefunction and fermionic evolution

For the trial wavefunction, take a Slater determinant, i.e. an
antisymmetrized product of one-particle states
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where N is the number of sites, and N, is the number of holes.
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4.4 Trnial wavefunction and fermionic evolution

For the trial wavefunction, take a Slater determinant, i.e.

antisymmetrized product of one-particle states

Np N

| U > = Hzpijf;r|0>a

j=11i=1

where N is the number of sites, and N, is the number of holes.
Orthonormalized states — > . P Pir, = 0

— normalized trial wavefunction

<VUp |¥r> = E Py Piy Ny Pjyn- - Py n,
il"‘in
31 Np

><<O‘fz'Np"'fz'1f;1"'ngNp‘O>’

where

<0 f, "filfjl : ..ijNp 0> = kg, .5

Vidky T UUNpIky,
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Evolution of a Slater determinant

Consider

o—AT2A _ —ATH(f]fithee)

Introduce new operators

ﬁi — %(fz+fz+l)
firn = \%(fz'—fz'ﬂ)

— foz—l—l + f_Hf f f ]iT+1ﬁ+1 such that

(1) = —ATt(ff —fl o Fi)

_ —A’th f Ath _|_1fz-|-1

— {1 4 (e_ATt — 1) fjf’z} [1 + (eATt — 1) f le}
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Change of basis in the Slater determinant

N N—1
Z P; i[s0] fiT = Z (Pz',j ffj + Piy1, z—l—l)
i—1

1 odd

[ () e ()

<g

with P;; = P, ; + (—1)""' P, ; (assumed splitting with first index odd)

Explicit form for a Slater determinant

Np N
Hng’]fg‘0> _ Z ZP(ZNQ

Jij2 - -

j=1/4=1 21, ’LNp—l P
x Pj, 1P}, 2

with i1<i2<°"<in

> ) £
.Pijapril.. f?,N |O >



Consider the product

14 (2 ) FE] [ 0r > = W >+ (37— 1) i,
p (2 N) Ly
: S‘ S‘ <31]2 "J =)

~

F rT
XP P32> Pij,prz'l"'fin 0>



Consider the product

| U > + (e_ATJ — 1) fjfz

x S‘ S‘P(“” N)(—1)p

JijJ2 -]

{1 X (e—ATJ ~1) fjf@} | U >

~

F rT
XP P32> Pij,prz'l"'fin 0>

N, N
_ P! £
= 1> #silto>,
j=1¢=1
where ~
B e_ATJPg,j for £ =1,
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Consider the product

IR G VAR e 2 G VWA

X S‘ S‘P(“” N)(—1)p

JijJ2 -]

XP P32> Pij,Np fz'Tl ' "fiTNp | 0>
N, N )
= 11> 7,7 l0>,
j=1¢=1

where .
P e_ATJPg,j for ¢ =1,
b Py ; for{ #i.

For the full operator we have

/

e2TtPy ; for £ =i+ 1,
P ;= e_ATtlz’g,j for ¢ = 1,
Py else.
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Back to the original representation
/ D/ D/
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— ~ A -l
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N/ N~ DN -



Back to the original representation

/ H/ H/
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Back to the original representation
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Back to the original representation

/ D/ H/
Fi; (Pz',j + 7:+1,j)

— ATt T ATt 1
(e P +e”T Pz'+1,j)

e 2 (Pyj+ Piy1j) + €27 (Pij — Piy1j)]

= cosh (A7t) P; ; — sinh (A7t) Piiq

1 /-~ .
/ L / /
Fiyg = 3 (Pz',j - z‘+1,j)

N — DN = DN
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Back to the original representation

P; % (15 g T ~i’+1,j)
_ % (e—Ath)i’j X eATtPi+1’j)
= % e 2T (Pij + Pig1y) + €27 (Pij — Piga )]
= cosh (A7t) P; ; —sinh (A7t) Pit1
Pz'/—i—l,j — (Pi/,j - ~¢/+1,j)

(e_ATtP@"j . eATth'—I—l,j)

NV N - DN~

[e_ATt (Pij + Pit1,5) — 27! (Pij — PiH,j)]
= —sinh (A7t) P, ; 4 cosh (A7t) Piy1; ,

Equivalent to matrix x vector

_A2A cosh (A7t) —sinh (ATt) -
© [ Vs >— ( —sinh (A7t)  cosh (ATt) < B
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Exponential of a bilinear form transforms a Slater determinant into
another Slater determinant .

After the evolution we have a scalar product of two Slater determinants

<Up|® < so|Pe ™2 H s 1 > - < s1le T 2THP|sg > @|Up >=< Tp | T >

Recall

J

iJky

<O fi, o Fuffy o fly 10> = B0,

INpIkp,

Fermionic determinant — Wg [{Sz}]

~ ~

E : Pi11"'PinNij11"'PijNp

il"'in
j1'--ij

X <O fiy, - fifj o £y 10>

= det (PTp)

<Up | U >
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4.5 Matrix elements for the evolution of fermionic states

exp (~Ar24) [ cosh (A7t)  —sinh <A¢t>]

—sinh (A7t)  cosh (ATt)
exp (—4ATZ§’) — e_ATJ( (1) (1) )

For the matrix elements we have finally

B B cosh (A7t) —sinh (ATt)
<IT-[TT>=<lll---[ll> = [ — sinh (ATt) cosh (ATt) ]

B B e~ ATI/2 cosh (ATt) 0
<T l||T l>—<l T‘ H T> — COSh(ATJ/Q) [ 0 COSh(ATt)

B B e~ ATI/2 0 sinh (ATt)
<P [L>=<l1---T1> = sinh (A7.7/2) [ sinh (ATt) 0

|

|
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4.6 Updating

Weight of a configuration of pseudospins

W lisiz| = Ws[isi}] Wr[1si}]

Probability for new configuration p = r/(1 + r) (heat bath) with

W {i}new)
W {si}o1dl

r

Generate new configurations with the loop-algorithm

'

hybrid-loop algorithm
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4.7 Stable evolution of the fermionic trial wavefunction

Evolution operator in imaginary time is not unitary
—> orthogonality is not preserved

— evolution is numerically unstable

Define

| U [so], 7 >=exp (—TH)P|so > &V >

Expectation value

C 2gsoy < VUso],0/2] O Wso],0/2 >
<O> = lim
0—o0 Y roy < Wlso],0/2] W lso],0/2>
: < W(sol,0/2| O|V]sg],0/2 >
= lim
60— 00 <\If[80],9/2|\11[80],8/2>

{s0}

L < Wlso],0/2| W50 ,0/2 >
> oy < ¥ [s0].0/2] ¥ so],0/2 >

™ {50}



Normalized wavefunction

| W [so],0/2 >

| W [s0],0/2 >= V< WU lso],0/2 | ¥ so],0/2 >



Normalized wavefunction
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Gramm-Schmidt decomposition
| \IJ[SO] , T >— Pr=U; DV,

where UTU =1, ., D is a diagonal matrix with (exponentially) large
pXNp .

and small energy scales containing the norm of the one particle states,

and V is an upper triangular matrix with unity in the diagonal, and hence,

with determinant one.



Normalized wavefunction

| U [so],0/2 >
V< W sg],0/2 ]V [s0],0/2 >
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Gramm-Schmidt decomposition
‘ \IJ[SO] , T >— Pr=U; DV,
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Normalized wavefunction

| U [so],0/2 >
V< W sg],0/2 ]V [s0],0/2 >

|\TJ[SQ],9/2 >=

Gramm-Schmidt decomposition
‘ \IJ[SO] , T >— Pr=U; DV,

where UTU =1, ., D is a diagonal matrix with (exponentially) large
pXNp .

and small energy scales containing the norm of the one particle states,

and V is an upper triangular matrix with unity in the diagonal, and hence,

with determinant one.

Norm of the wavefunction

det (VD .UIU.D,V,)

= det (V,/D.D.V,) = (det D)

<\If[80],7'|\1/[80],7'>

— < O > is numerically stable, since we need only U.
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4.8 Measurement of physical observables

e Equal-time correlators for fermions and diagonal operators for spins.
e Time-displaced correlators — spectral functions
e Up to now, no improved estimators

e Minus-sign problem practically non existing in one dimension
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4.9.1 Comparison with exact diagonalization
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4.9.1 Comparison with exact diagonalization
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independent beyond 2 sweeps



