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where {|s0 >} is a complete set of spin states
|ΨT > is a trial wavefunction for spinless fermions
P is a projector to the subspace without double occupancy

As long as the overlap with the ground-state is finite

lim
θ→∞

e−
θ
2HP|ΨT > ⊗|s0 >= lim

θ→∞
e−

θ
2EG|ΨG > ,

Then

< O > = lim
θ→∞

N e−θEG < ΨG|O|ΨG >

N e−θEG < ΨG|ΨG >
=
< ΨG|O|ΨG >

< ΨG|ΨG >
,



Trotter splitting and introduction of complete sets of spin states

< O > = lim
θ→∞

[

∑

{si}

< ΨT |⊗ < s0|Pe−∆τH|sL−1 > · · · < sL
2 +1|e

−∆τH|sL
2 +1 >

× < sL
2 +1|O|sL2 >< sL

2
|e−∆τH|sL

2−1 >

× · · · < s1|e−∆τHP|s0 > ⊗|ΨT >

]
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|e−∆τH|sL

2−1 >

× · · · < s1|e−∆τHP|s0 > ⊗|ΨT >
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∑

{si}

< ΨT |⊗ < s0|Pe−∆τH|sL−1 > · · ·

× < s1|e−∆τHP|s0 > ⊗|ΨT >

]−1

where ∆τ = θ/L.

The Hamiltonian has only nearest neighbor terms
−→ checkerboard decomposition
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Bond Hamiltonian for the t-J model

H<i,j> = Â (1 + σi · σj) +
[

J

4
− B̂

]

(σi · σj − 1) ,

where Â ≡ t

2

(

f†i fj + f†j fi

)

, and B̂ ≡ J

4

(

f†i fi + f†j fj

)

.

It holds [A,B] = 0.

Bond Hamiltonian for the Heisenberg model

HH
<i,j> =

J

4
(σi · σj − 1) .

Canonical transformation for the spin part

σxi → (−1)i σxi , σyi → (−1)i σyi , σzi → σzi ,

↪→ σi · σj → −2
(

σ+
i σ
−
j + σ−i σ

+
j

)

+ σzi σ
z
j



Matrix elements

i) <↑ ↑| e−∆τH<i,j> |↑ ↑>= exp
(

−∆τ2Â
)

.

ii) <↓ ↓| e−∆τH<i,j> |↓ ↓>= exp
(

−∆τ2Â
)

.

iii) <↑ ↓| e−∆τH<i,j> |↑ ↓>= 1
2

{

exp
(

−∆τ2Â
)

+ exp
[

∆τ
(

2Â+ J − 4B̂
)]}

.

iv) <↑ ↓| e−∆τH<i,j> |↓ ↑>= 1
2

{

− exp
(

−∆τ2Â
)

+ exp
[

∆τ
(

2Â+ J − 4B̂
)]}

.

v) <↓ ↑| e−∆τH<i,j> |↑ ↓>= iv).

vi) <↓ ↑| e−∆τH<i,j> |↓ ↑>= iii).
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4.3 Partition function

Although we are at T = 0, we have formally a partition function (or
generating functional)

Z ≡
∑

{si}

< ΨT |⊗ < s0|Pe−∆τH|sL−1 > · · · < s1|e−∆τHP|s0 > ⊗|ΨT >

≡
∑

{si}

WS [{si}] WF [{si}] ,

where WS [{si}] is the weight of a pure Heisenberg model for a spin-
configuration {si}, and

WF [{si}] ≡ < ΨT | ⊗< s0|e−∆τH|sL−1 > · · ·< s1|e−∆τH|s0 >⊗ |ΨT > ,

with the definition

< s`|e−∆τH|s`−1 > =
< s`|e−∆τH|s`−1 >

< s`|e−∆τHH |s`−1 >
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For the trial wavefunction, take a Slater determinant, i.e. an
antisymmetrized product of one-particle states
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∏
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∑

i=1

Pij f
†
i | 0 > ,

where N is the number of sites, and Np is the number of holes.
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For the trial wavefunction, take a Slater determinant, i.e. an
antisymmetrized product of one-particle states

| ΨT > =
Np
∏

j=1

N
∑

i=1

Pij f
†
i | 0 > ,

where N is the number of sites, and Np is the number of holes.

Orthonormalized states −→
∑

iPijPik = δjk

↪→ normalized trial wavefunction

< ΨT | ΨT > =
∑

i1···iNp
j1···jNp

Pi11 · · ·PiNpNp Pj11 · · ·PjNpNp

× < 0 | fiNp · · · fi1f
†
j1
· · · f†jNp | 0 > ,

where

< 0 | fiNp · · · fi1f
†
j1
· · · f†jNp | 0 > = εk1···kNpδiijk1

· · · δiNpjkNp .
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Consider
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†
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f̃i =
1√
2

(fi + fi+1)

f̃i+1 =
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†
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†
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= e−∆τtf̃
†
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†
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[
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(
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)
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e∆τt − 1
)

f̃†i+1f̃i+1

]



Change of basis in the Slater determinant

N
∑

i=1

Pi,j[s0] f†i =
N−1
∑

i odd

(

Pi,j f
†
i + Pi+1,j f

†
i+1

)



Change of basis in the Slater determinant

N
∑

i=1

Pi,j[s0] f†i =
N−1
∑

i odd

(

Pi,j f
†
i + Pi+1,j f

†
i+1

)

=
N−1
∑

i odd

[

Pi,j
1√
2

(

f̃†i + f̃†i+1

)

+ Pi+1,j
1√
2

(

f̃†i − f̃
†
i+1

)

]



Change of basis in the Slater determinant

N
∑

i=1

Pi,j[s0] f†i =
N−1
∑

i odd

(

Pi,j f
†
i + Pi+1,j f

†
i+1

)

=
N−1
∑

i odd

[

Pi,j
1√
2

(

f̃†i + f̃†i+1

)

+ Pi+1,j
1√
2

(

f̃†i − f̃
†
i+1

)

]

=
N
∑

i=1

P̃i,j[s0] f̃†i

with P̃i,j = Pi,j + (−1)i+1Pi+1,j (assumed splitting with first index odd)



Change of basis in the Slater determinant

N
∑

i=1

Pi,j[s0] f†i =
N−1
∑

i odd

(

Pi,j f
†
i + Pi+1,j f

†
i+1

)

=
N−1
∑

i odd

[

Pi,j
1√
2

(

f̃†i + f̃†i+1

)

+ Pi+1,j
1√
2

(

f̃†i − f̃
†
i+1

)

]

=
N
∑

i=1

P̃i,j[s0] f̃†i

with P̃i,j = Pi,j + (−1)i+1Pi+1,j (assumed splitting with first index odd)

Explicit form for a Slater determinant

Np
∏

j=1

N
∑

`=1

P̃`,j f̃
†
` | 0 > =

N
∑

i1,...,iNp=1

∑

P

P

(

i1i2 · · · iNp
j1j2 · · · jNp

)

(−1)p

×P̃j1,1P̃j2,2 · · · P̃jNp,Np f̃
†
i1
· · · f̃†iNp | 0 >

with i1 < i2 < · · · < iNp
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=
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` | 0 > ,

where

P̃ ′`,j =
{

e−∆τJP̃`,j for ` = i,

P̃`,j for ` 6= i.

For the full operator we have

P̃ ′`,j =











e∆τtP̃`,j for ` = i+ 1,
e−∆τtP̃`,j for ` = i,

P̃`,j else.
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P ′i,j =
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(
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)
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1
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(
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2
[

e−∆τt (Pi,j + Pi+1,j)− e∆τt (Pi,j − Pi+1,j)
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= − sinh (∆τt) Pi,j + cosh (∆τt) Pi+1,j ,

Equivalent to matrix × vector

e−∆τ2Â | ΨS >−→
(

cosh (∆τt) − sinh (∆τt)
− sinh (∆τt) cosh (∆τt)

)

× Pij .
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After the evolution we have a scalar product of two Slater determinants

< ΨT |⊗ < s0|Pe−∆τH|sL−1 > · · · < s1|e−∆τHP|s0 > ⊗|ΨT >=< ΨT | Ψ̃ >

Recall

< 0 | fiNp · · · fi1f
†
j1
· · · f†jNp | 0 > = εk1···kNpδiijk1

· · · δiNpjkNp .

Fermionic determinant −→ WF [{si}]

< ΨT | Ψ̃ > =
∑

i1···iNp
j1···jNp

Pi11 · · ·PiNpNp P̃j11 · · · P̃jNpNp

× < 0 | fiNp · · · fi1f
†
j1
· · · f†jNp | 0 >

= det
(

PT P̃
)
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4.5 Matrix elements for the evolution of fermionic states

exp
(

−∆τ2Â
)

→
[

cosh (∆τt) − sinh (∆τt)
− sinh (∆τt) cosh (∆τt)

]

exp
(

−4∆τ B̂
)

→ e−∆τJ

(

1 0
0 1

)

For the matrix elements we have finally

<↑ ↑| · · · |↑ ↑> = <↓ ↓| · · · |↓ ↓> =
[

cosh (∆τt) − sinh (∆τt)
− sinh (∆τt) cosh (∆τt)

]

<↑ ↓| · · · |↑ ↓> = <↓ ↑| · · · |↓ ↑> =
e−∆τJ/2

cosh (∆τJ/2)

[

cosh (∆τt) 0
0 cosh (∆τt)

]

<↑ ↓| · · · |↓ ↑> = <↓ ↑| · · · |↑ ↓> =
e−∆τJ/2

sinh (∆τJ/2)

[

0 sinh (∆τt)
sinh (∆τt) 0

]
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4.6 Updating

Weight of a configuration of pseudospins

W [{si}] = WS [{si}] WF [{si}]

Probability for new configuration p = r/(1 + r) (heat bath) with

r ≡
W [{si}new]
W [{si}old]

Generate new configurations with the loop-algorithm

hybrid-loop algorithm
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4.7 Stable evolution of the fermionic trial wavefunction

Evolution operator in imaginary time is not unitary
=⇒ orthogonality is not preserved

↪→ evolution is numerically unstable

Define

| Ψ [s0] , τ >≡ exp (−τH)P|s0 > ⊗|ΨT >

Expectation value

< O > = lim
θ→∞

∑

{s0} < Ψ [s0] , θ/2 | O | Ψ [s0] , θ/2 >
∑

{s0} < Ψ [s0] , θ/2 | Ψ [s0] , θ/2 >

= lim
θ→∞

∑

{s0}

< Ψ [s0] , θ/2 | O | Ψ [s0] , θ/2 >
< Ψ [s0] , θ/2 | Ψ [s0] , θ/2 >

× < Ψ [s0] , θ/2 | Ψ [s0] , θ/2 >
∑

{s0} < Ψ [s0] , θ/2 | Ψ [s0] , θ/2 >

= lim
θ→∞

∑

{s0}

< Ψ̄ [s0] , θ/2 | O | Ψ̄ [s0] , θ/2 >
WS [s0] WF [s0]

Z
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Normalized wavefunction

| Ψ̄ [s0] , θ/2 >≡ | Ψ [s0] , θ/2 >
√

< Ψ [s0] , θ/2 | Ψ [s0] , θ/2 >

Gramm-Schmidt decomposition

| Ψ [s0] , τ >−→ Pτ = UτDτVτ ,

where U†U = 1
Np×Np, D is a diagonal matrix with (exponentially) large

and small energy scales containing the norm of the one particle states,
and V is an upper triangular matrix with unity in the diagonal, and hence,
with determinant one.

Norm of the wavefunction

< Ψ [s0] , τ | Ψ [s0] , τ > = det
(

V †τDτU
†
τUτDτVτ

)

= det
(

V †τDτDτVτ
)

= (detD)2

↪→ < O > is numerically stable, since we need only U .
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4.8 Measurement of physical observables

• Equal-time correlators for fermions and diagonal operators for spins.

• Time-displaced correlators −→ spectral functions

• Up to now, no improved estimators

• Minus-sign problem practically non existing in one dimension
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