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σ

c†i,σ < i | T | j > cj,σ +
1
2

∑

i,j,k,`
σ,σ′

c†i,σc
†
j,σ′ < i, j | V | k, ` > ck,σ′c`,σ

| i, σ > −→ Wannier states

Matrix element for the Coulomb interaction

< i, j | V | k, ` >

=
∫

d3xd3x′
ϕ∗σ (x−Ri) ϕ∗σ′ (x

′ −Rj) ϕσ′ (x
′ −Rk) ϕσ (x−R`)

| x− x′ |
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i
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where n̂i,σ = c†i,σci,σ and U ≡< i, i | V | i, i >.

Hubbard model

HHubbard = −t
∑

<i,j>
σ

c†i,σ cj,σ + U
∑

i

n̂i,↑n̂i,↓

where −t ≡< i | T | j >

Model for itinerant magnetism, antiferromagnetism, high temperature
superconductivity and degenerate quantum gases on optical lattices
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Consider now the limit U −→∞

↪→ Degenerate perturbation theory around U =∞ in the subspace of
singly occupied sites.

Perturbation

T = −t
∑

<i,j>
σ

c†i,σ cj,σ

Projectors

P to the subspace of singly occupied sites −→ {| 0 >, |↑>, |↓>}

Q to the complementary subspace −→ |↑↓>



First order



First order

↪→ PTP = −t
∑

<i,j>
σ

c̃†i,σ c̃j,σ , where c̃j,σ = cj,σP



First order

↪→ PTP = −t
∑

<i,j>
σ

c̃†i,σ c̃j,σ , where c̃j,σ = cj,σP

Second order



First order

↪→ PTP = −t
∑

<i,j>
σ

c̃†i,σ c̃j,σ , where c̃j,σ = cj,σP

Second order

↪→ PT
Q

EP − EQ
TP = 2 sites terms + 3 sites terms



First order

↪→ PTP = −t
∑

<i,j>
σ

c̃†i,σ c̃j,σ , where c̃j,σ = cj,σP

Second order

↪→ PT
Q

EP − EQ
TP = 2 sites terms + 3 sites terms

• 2 sites terms



First order

↪→ PTP = −t
∑

<i,j>
σ

c̃†i,σ c̃j,σ , where c̃j,σ = cj,σP

Second order

↪→ PT
Q

EP − EQ
TP = 2 sites terms + 3 sites terms

• 2 sites terms



First order

↪→ PTP = −t
∑

<i,j>
σ

c̃†i,σ c̃j,σ , where c̃j,σ = cj,σP

Second order

↪→ PT
Q

EP − EQ
TP = 2 sites terms + 3 sites terms

• 2 sites terms

U



First order

↪→ PTP = −t
∑

<i,j>
σ

c̃†i,σ c̃j,σ , where c̃j,σ = cj,σP

Second order

↪→ PT
Q

EP − EQ
TP = 2 sites terms + 3 sites terms

• 2 sites terms

U



First order

↪→ PTP = −t
∑

<i,j>
σ

c̃†i,σ c̃j,σ , where c̃j,σ = cj,σP

Second order

↪→ PT
Q

EP − EQ
TP = 2 sites terms + 3 sites terms

• 2 sites terms

U

↪→ J
∑

<i,j>

(

Si · Sj −
1
4
ñiñj

)

with J =
4t2

U
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↪→ −J
4

∑

<i,j,k>
σ

(

c̃†i,σñj,−σc̃k,σ − c̃
†
i,σc̃
†
j,−σc̃j,σc̃k,−σ

)

assisted and pair hopping.

t-J model

Ht−J = −t
∑

<i,j>
σ

c̃†i,σ c̃j,σ + J
∑

<i,j>

(

Si · Sj −
1
4
ñiñj

)

with the constraint ni ≤ 1
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However, we can consider the model on its own right, i.e. for arbitrary
parameter J/t

Zhang-Rice singlet for CuO2 plaquettes in high Tc superconductors
F.C. Zhang and T.M. Rice, Phys. Rev. 37, 3759 (1988)

YBa2Cu3O7

CuO2

Physical value J ∼ 0.3− 0.5t
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−→ Bethe-Ansatz solution in one dimension

E.H. Lieb and F.Y. Wu, Phys. Rev. Lett. 20, 1445 (1968)

• For J=2t (supersymmetric point) Bethe-Ansatz solution in one
dimension
P.A. Bares and G. Blatter, Phys. Rev. Lett. 64, 2567 (1990)
P.A. Bares, G. Blatter, and M. Ogata, Phys. Rev. B 44, 130 (1991)

• In general, exact diagonalization −→ 2 holes on 32 sites
P.W. Leung and R.J. Gooding, Phys. Rev. B 52, R15711 (1995)

• QMC simulations
M. Calandra and S. Sorella, Phys. Rev. B 61, R11894 (2000)
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ñiñj

)

.

with constraint ni ≤ 1.

Mapping to S-1/2 pseudospins and spinless fermions.
G. Khaliullin, JETP Lett. 52, 389 (1990); A. Angelucci, Phys. Rev. B 51, 11580 (1995).

c†i↑|0 >i → |v >i ↔ |0,⇑>i ,
|0 >i → f†i |v >i ↔ |1,⇑>i ,

c†i↓|0 >i → σ−i |v >i ↔ |0,⇓>i ,
c†i↓c
†
i↑|0 >i → f†i σ

−
i |v >i ↔ |1,⇓>i ,

=⇒ c†i↑ = γi+fi − γi−f†i , c†i↓ = σi−(fi + f†i )

where γi± = (1± σzi )/2 and σ±i = (σxi ± iσ
y
i )/2
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H̃t−J = +t
∑

< ij >

Pijf
†
i fj +

J
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∑

< ij >

∆ij(Pij − 1),

where Pij = (1 + σi · σj)/2, ∆ij = (1− ni − nj) and ni = f†i fi.

=⇒ Hamiltonian is bilinear in fermions

Constraint
c†i↓c
†
i↑|0 >i=⇒ f†i σ

−
i |v >i⇐⇒ |1,⇓>i

�
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��
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��

⇓

Holonomic constraint: Q ≡
∑

i
(1− σiz) f†i fi = 0

[

Q, H̃t−J

]

= 0 =⇒ States evolve in the physical subspace
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3.3 Single hole dynamics and loop-algorithm
M. Brunner, F.F. Assaad, and A. Muramatsu, Phys. Rev. B 62, 15480 (2000)

One-particle Green’s function

G↑(i− j, τ) = 〈T c̃i↑(τ)c̃†j↑〉 = 〈Tf†i (τ)fj〉

Inserting complete sets of spin states −→

− G(i− j,−τ) =

∑

σ1

〈v| ⊗ 〈σ1|e−(β−τ)H̃t−Jfje
−τH̃t−Jf†i |σ1〉 ⊗ |v〉

∑

σ1

〈σ1|e−βH̃t−J |σ1〉

=
∑

σ
P (σ)

〈v|fje−∆τH̃(σn,σn−1)e−∆τH̃(σn−1,σn−2) . . . e−∆τH̃(σ2,σ1)f†i |v〉
〈σn|e−∆τH̃t−J |σn−1〉 . . . 〈σ2e−∆τH̃t−J |σ1〉

+O(∆τ2)

=
∑

σ
P (σ)G(i, j, τ,σ) +O(∆τ2)

P (σ): probability distribution of a Heisenberg antiferromagnet.
=⇒ Sum over spins −→ world-line loop-algorithm.
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Limitations and advantages

• Restricted to n holes for a n-holes propagator.

• Error O
(

∆τ2
)

, otherwise exact

• Efficient spin sampling (loop-algorithm)

• Exact evolution of the hole given a spin background

• No minus-sign problem

• Imaginary-time propagator −→ spectral functions

• Accurate determination of the quasiparticle weight
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3.3.1 One-particle spectral function

One-particle spectral function and the Green’s function in imaginary time

G (k, τ) =
∫ ∞

−∞
dω

e−ωτ

1 + e−βω
A (k, ω)

↪→ ill-defined inversion problem

Maximum-entropy −→ probabilistic estimation of A (k, ω)
M. Jarrell and J.E. Gubernatis, Physics Reports 269, 133 (1996)

Need very accurate data and consistency checks
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3.4.1 Excitations in an antiferromagnetic chain: spinons

In general, a magnon is a magnetic excitation S+ | AF >

A magnon decays into two spinons with Q = 0 and S = 1/2

Spinons as free excitations

HH = J
∑

<i,j>

Si · Sj = −J
2

∑

<i,j>
α,β

c†iαcjαc
†
iβcjβ' −

J

2
< c†icj >

∑

<i,j>
α

c†iαcjα

=
∑

k

εs(k) c†kαckα with εs(k) = −J < c†icj > cos ka
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Two-spinon excitations in the one-dimensional Heisenberg model

Magnon as a composite excitation

EM(QM) = εs(q1) + εs(q2) , QM = q1 + q2 + π

with

εs(q) = J cos qa , −π
2
≤ q ≤ π

2

Two spinon continuum

E
 (

Q
)

0 π

EmaxM = J
√

2 (1− cosQ)

EminM = J sinQ
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3.4.2 Charge-spin separation in a doped AF chain: spinons + holons

Introduce a hole

New excitation: holon with Q = −e and S = 0

Charge-spin separation Ansatz: ciσ = siσh
†
i

Dispersion relations:

holon: εh = −2t cos qh

spinons: εs = −J cos qh , −π2 ≤ q ≤
π
2

Energy and momenta of a hole

E(k) = εh(qh)− εs(qs) , with k = qh − qs
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Compact support of A(k, ω) from charge-spin separation Ansatz

−→ Area in the (ω, k) plane where A(k, ω) 6= 0

• For k < k0 (k > k0), k0 = arccos(J/2t)

– Lower edge −→ spinon (holon)
– Upper edge −→ holon (spinon)

• Spinon lower edge (k < k0) −→ E(k) = −
√
J2 + 4t2 − 4tJ cos k

• Holon lower edge (k > k0) −→ E(k) = −2t sin k

• Spinon upper edge (k > k0) −→ E(k) =
√
J2 + 4t2 − 4tJ cos k

• Holon upper edge (k < k0) −→ E(k) = 2t sin k

• For J = 2t, k0 = 0 −→ lower edge of the compact support entirely
determined by the dispersion of the holon.

• At J = 2t the whole weight is concentrated on one point.
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At k = 0 all the weight is concentrated on one point
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Green’s function

G (k, ω) =
[

θ (k − kF )
ω − µ− εk + iη

+
θ (kF − k)

ω − µ+ εk − iη

]

Quasiparticle weight z(k) = 1
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Interacting fermions

Formal solution

G =
[

G(0)−1
− Σ∗

]−1

For a homogeneous system or a lattice model

G (k, ω) =
1

h̄ω − µ− ε0
k
− Σ∗ (k, ω)

Renormalized energies due to interaction

εk = ε0k + ReΣ̃ (k, ω)

Lifetime due to interaction

G (k, ω) =
z (k)

h̄ω − µ− εk + iΓ
+Ginc
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Coherently propagating particle for times t < 1/Γ

Gc (k, t) =
∫ ∞

−∞
dω e−iωt

z (k)
ω − µ− εk + iΓ

∼ z (k) exp
{

−i
(

µ+ εk − iΓ
)

t
}



Coherent and incoherent parts of the propagator

Gc (k, ω) =
z (k)

ω − µ− εk + iΓ

Ginc: non-singular part

Coherently propagating particle for times t < 1/Γ

Gc (k, t) =
∫ ∞

−∞
dω e−iωt

z (k)
ω − µ− εk + iΓ

∼ z (k) exp
{

−i
(

µ+ εk − iΓ
)

t
}

�(~k)� i�
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In imaginary time

lim
τ→∞

G(k, τ) ∝ z(k) exp
[

τ
(

EN0 − EN−1
0 (k)

)]
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3.5 Single hole dynamics in 2-D
M. Brunner, F.F. Assaad, and A. Muramatsu, Phys. Rev. B 62, 15480 (2000)

Quasiparticle dispersion for the square lattice

lim
τ→∞

G(k, τ) ∝ z(k) exp
[

τ
(

EN0 − EN−1
0 (k)

)]

N = 16 × 16
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Quasiparticle weight for a hole in the square lattice

Finite quasiparticle weight in 2-dimensions

J = 2t
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Quasiparticle weight vs. J in the thermodynamic limit
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String excitations

In the continuum limit

Hstring = −t ∂
2

∂x2
+ Jx− 2

√
3t

Eigenvalues

Ei = ai
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J

t

)2
3
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a1 = 2.33
a2 = 4.09
a3 = 5.52
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Quasiparticle as a composite fermion

Confinement of holon-spinon pair


