
III. 1/N Expansion

for U=K
¹

- For U=K ì no ”doublons” ì < Xi
22 >= 0

¹

- Ambiguities in different
slave-representations of XJK

¹

- A method is needed which uses only
observables (gauge invariant quantities)
related to XJK

¹

- Is there a technique for the composite
object as a whole
¹

Answer - YES
ø

- Baym-Kadanoff technique for XJK

¹
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Baym-Kadanoff technique
for XJK

¹

- Green’s function in terms of sources
¹

- Self-energy in terms of vertex LcÝ1,2;3Þ
and LsÝ1,2;3Þ

¹

- 1/N expansion for U = K

¹

- Quasiparticle spectrum
¹

Green ’s function
¹

- t-J Hamiltonian
¹

HtJ = ?t>
ija

Xi
a0Xj

0a + J
2 >

ija

ÝXi
aa#Xj

a#a ? Xi
aaXj

a#a# Þ

    (1)

¹
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- External source generates higher Green’s
function
¹

HsoÝbÞ = >
ia1a2

Ui
a1a2ÝbÞXi

a1a2ÝbÞ

¯ >
i

Ui
a# 1a# 2ÝbÞXi

a# 1a# 2ÝbÞ

    (2)

¹

NOTATIONS
¹

- summation over bar spin indices a#

- Notation ì 1 = Ýi1,b1Þ

- Integration over bar indices 1# , 2# , ....

¹

X dbHsoÝbÞ ¯ Ua# 1a# 2Ý1#ÞX1
a# 1a# 2Ý1#Þ

= >
i

X
0

K

dbUi
a# 1a# 2ÝbÞXi

a# 1a# 2ÝbÞ     (3)

¹

S = Tbe?Ua# 1a# 2Ý1#ÞX1
a# 1a# 2Ý1#Þ     (4)
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- Matsubara (imaginary time) technique
¹

Ga1a2Ý1,2Þ = ? < TbÝSX0a1Ý1ÞXa20Ý2ÞÞ >

< TbS >

    (5)

= ? << X0a1Ý1ÞXa20Ý2Þ >>

¹

X0a1Ý1Þ = ebHtJXi1

0a1e?bHtJ     (6)

¹

- Definition
¹

GABÝ1,2Þ = ? << AÝ1ÞBÝ2Þ >>     (7)

¹

- Equation of motion
¹

ß? /
/b1

Na1a# 1 ? Ua1a# 1Ý1ÞàNÝ1 ? 1#ÞGa# 1a2Ý1# ,2Þ

? tÝ1 ? 1#Þ << X00Ý1ÞX0a1Ý1#ÞXa20Ý2Þ >>

4



? tÝ1 ? 1#Þ < < Xa# 1a1Ý1ÞX0a# 1Ý1#ÞXa20Ý2Þ >>

+ ”J ? terms” = NÝ1 ? 2ÞQa1a2Ý1Þ

    (8)

¹

- definition tÝ1 ? 2Þ

¹

tÝ1 ? 2Þ = ti1i2NÝb1 ? b2Þ     (8a)

¹

- Hubbard spectral weight of the lower band
Qa1a2

¹

Qa1a2Ý1Þ = Na1a2 << X00Ý1Þ >> + << Xa1a2Ý1Þ >>

    (9)

¹

- Baym-Kadanoff technique
ì obtaining higher Green’s function by
using lower ones
¹

- Price ì functional equations
¹
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- General rule
¹

<< Xa1a2Ý1ÞAÝ2ÞBÝ3Þ >>=

=
NGABÝ2,3Þ
NUa1a2Ý1Þ

? GABÝ2,3Þ << Xa1a2Ý1Þ >>

    (10)

¹

- Three-points (1,1# ,2) function in Eq.(8) can
be expressed via NGa1a2Ý1,2Þ/ NUa31a4Ý3Þ

¹

”Quasiparticle” Green’s function ga1a2Ý1,2Þ

¹

ga1a2Ý1,2Þ = Ga1a# 1Ý1,2ÞQ?1,a# 1a2Ý1Þ

    (11)

¹

- Vertex function La3a4
a1a2Ý1,2;3Þ

¹

La3a4
a1a2Ý1,2;3Þ = ? Ng?1,a1a2Ý1,2Þ

NUa3a4Ý3Þ
    (12)

¹
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- Some ”tricks”
¹

gg?1 = 1     (13)

¹

- functional derivative (schematically)

Ng
NU

g?1 + g Ng?1

NU
= 0     (14)

¹

Ng
NU

= gLg?1     (15)

¹

- Full expression of Eq.(15)
¹

Nga1a2Ý1,2Þ
NUa3a4Ý3Þ

= g
a1a# 1Ý1,1#ÞLa3a4

a# 1a# 2Ý1# ,2# ;3Þg
a# 2a2Ý2# ,2Þ

    (16)

¹

- Paramagnetic case
ø

ga1a2Ý1,2Þ = Na1a2gÝ1,2Þ     (17)
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Fa1a2Ý1,2Þ = Na1a2FÝ1,2Þ     (18)

Qa1a2Ý1Þ = Na1a2QÝ1Þ     (19)

¹

- Note, < A > means statistical average
¹

QÝ1Þ =< X00 > + < XaaÝ1Þ >     (20)

¹

DYSON EQUATION FOR gÝ1,2Þ

¹

- For Ua3a4Ý3Þ ¸ 0 ì gÝ1,2Þ = gÝ1 ? 2Þ, etc.

¹

ßG00
?1Ý1 ? 1#Þ ? FÝ1 ? 1#ÞàgÝ1# ? 2Þ = NÝ1 ? 2Þ

    (21)

G00
?1Ý1 ? 2Þ = ? /

/b1
NÝ1 ? 2Þ     (22)

¹

F = FH + FL + FQ     (23)

¹
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FHÝ1 ? 2Þ = ?QtÝ1 ? 2Þ

+ NÝ1 ? 2ÞJÝ1 ? 1#Þ < XaaÝ1#Þ >     (24)

¹

FLÝ1 ? 2Þ = ?tÝ1 ? 1#ÞgÝ1# ? 2#ÞLcÝ2,2# ,1Þ

+ tJÝ1,3# ,1#ÞgÝ1# ? 2#ÞLsÝ2# ,2,3#Þà     (25)

¹

tJÝ1,2,3Þ = NÝ1 ? 2ÞtÝ1 ? 3Þ ? NÝ1 ? 3ÞJÝ1 ? 2Þ

¹

- Charge vertex LcÝ2,2# ,1Þ

¹

LcÝ2,2# ,1Þ ¯ La#a#
aaÝ2,2# ,1Þ     (26)

¹

- Spin vertex LsÝ2,2# ,1Þ

¹

LsÝ2,2# ,1Þ ¯ La#a
a#aÝ2,2# ,1Þ     (27)

¹

- Summation over a# and integration over 1# ,
2# , etc.
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¹

- FQÝ1 ? 2Þ (of O(1/N) order) depends on
NQ/NU

¹

- How to proceed further?

- How to calculate Lc and Ls in a controlable
manner?
¹

1/N EXPANSION
¹

- N spin components

- New completness relation
¹

Xi
00 +>

a=1

N

Xi
aa = N

2
    (28)

¹

- For N = 2 ì standard case

- Eq.(28) ì N/2 spin ”projection” (spin ”up”
or ”down”) can be occupied at the i-th lattice
site!
¹
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- For N hole per lattice site one has
¹

>
a=1

N

< Xi
aa >= N

2
Ý1 ? NÞ     (29)

¹

- If Eq.(28) holds projection properties of
XJK are lost !
¹

Xi
00Xi

00 ® Xi
00     (30)

Xi
aa ® Xi

a0Xi
0a     (31)

¹

- Some important projections are not lost !

Xi
aaXi

aa = Xi
aa     (32a)

Xi
00Xi

aa = Xi
a0Xi

0a ? Xi
aa     (32b)

- However one gets more ì small
parameter (1/N) for large N!
¹

- Scaling : t ì t0/N and J ì J0/N
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¹

Q = Nq0 + Q1     (33)

Nq0 =< X00 >= OÝNÞ     (34)

Q1 =< Xaa >= OÝ1Þ     (35)

g = g0 +
1
N

g1 + ...     (36)

¹

F = F0 +
1
N
F1 + ...     (37)

¹

Lc = Lc,0 +
1
N
Lc,1 + ...     (38)

Ls = NNÝ1 ? 2ÞNÝ1 ? 3Þ

+ Ls,1Ý1,2;3Þ + ...

    (39)

¹

- Self-energy in the O(1) order F0

F0Ý1 ? 2Þ = NÝ1 ? 2Þt0Ý1 ? 1#Þg0Ý1 ? 1#Þ

? t0Ý1 ? 2Þq0 ? JÝ1 ? 2Þg0Ý1 ? 2Þ

    (40)
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QuASIPARTICLE SPECTRUM IN O(1)
ORDER
¹

- From Eq.(39) ì F0Ýk, ignÞ = F0ÝkÞ
¹

F0ÝkÞ = V ? q0t0ÝkÞ ? 1
Nc
>

p

J0Ýk + pÞnFÝYpÞ

    (41)

V = 1
Nc
>

p

t0ÝpÞnFÝYpÞ     (42)

¹

g0Ýk, ignÞ = 1
ign ? ÝF0ÝkÞ ? WÞ

    (43)

¹

- Quasiparticle spectrum: g0
?1Ýk, ignÞ = 0

¹

Yk = F0ÝkÞ ? W

= V ? q0t0ÝkÞ ? 1
Nc
>

p

J0Ýk + pÞnFÝYpÞ

    (44)
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V is a shift of the electronic level in order to
accommodate n = 1 ? N particles under the
Fermi surface
¹

- Chemical potential W

1 ? N
2

=< Xaa >

= 1
NcK

>
ignk

e0+

g0Ýk, ignÞ = >
k

nFÝYkÞ

    (45)

¹

IMPORTANT PROPERTIES OF O(1)
ORDER
¹

- Luttinger theorem is fulfilled i.e. under the
Fermi surface are 1 ? N particles as in the
free-particle case!
¹

- Large Fermi surface although small
number (N << 1) of holes is present

ø

In the O(1) order ì Fermi liquid
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DYNAMICAL CONDUCTIVITY aÝgÞ

¹

axxÝgÞ = i X
0

K
dteiÝg+iRÞ < ßj xÝtÞ,Pxà >

    (46)

¹

- Current density (Nc number of unit cells)
¹

j xÝtÞ = 1
Nc

P% x     (47)

¹

- Polarization P

P = >
i

RiXi
a#a# = >

i

Rini     (48)

¹

- Due to ßH,>nià = 0 ì

¹

< ßPxÝtÞ,PxÝ0Þà >= lim
q¸0

< nqÝtÞn?qÝ0Þ >

q2

    (49)
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¹

- Definition

eÝq,gÞ = ? i
Nc
X

0

K
dteiÝg+iRÞ < nqÝtÞn?qÝ0Þ >

    (50)

¹

axxÝgÞ = ?X
0

K
dteiÝg+iRÞ < ßj xÝtÞ,PxÝ0Þà >

= ? g
Nc
X

0

K
dteiÝg+iRÞ < ßPxÝ0Þ,PxÝtÞà >

    (51)

¹

O(N) ORDER OF axxÝgÞ

¹

axxÝgÞ = lim
q¸0

ig
q2 eÝq,gÞ u 1

4
N^NVNÝgÞ

    (52)

¹

- In strongly correlated metals
ø

axxÝgÞ i to the number of holes N !
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¹

axxÝgÞ i N     (53)

¹

- In weakly correlated metals
ø

axxÝgÞ i number of carriers (1 ? N)!

¹

axxÝgÞ i 1 ? N     (54)
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