ll. Hubbard model
and HTSC

l

- Tight-binding model Hamiltonian
- Coulomb interaction and Hubbard model

- Hubbard model in terms of Hubbard
operators X%/

- strongly correlated system = U > W

!
Tight-bindin g Hamiltonian
!

- Hamiltonian for solid with N electrons
He — T + He| + HC

!
He = | d®rip (Neo(®ir(r) +

b L [ e OOVl - ) i)
1)



W@,y =6 -r) (2)

l
eo(p) = p?/2m - kinetic energy of electron
Ve(r — 1) = |r‘j2r,| - Coulomb e-e interaction
|
ZOEDIIGL (3)

l
- complete basis {¢;(r)}

| drg; (gir) = & (4)
l

{fifly = 8

l

- In solids two set of basis are usually used:
plane waves and tight-binding



Plane waves basis

|

N 1 £ ikr

y(r) = — fko€™ 1o

>

|

PP = 5 D e

ko
/Sk — fr(Jququ
qo

l

l

(5)

(6)

(7)

- Electron-lattice interaction (G-reciprocal

lattice vectors)

!
He = Z Velc PG
G

(8)



l

- e-e Coulomb interaction

l
He = Zvc,k/Aﬂkﬁk (9a)
k
|
- Coulomb interaction V,
4re?
V., — _2re” 9b

l

£» - dielectric function (high energy
screening)

l
Q = VIN



Tight -binding basis

!
- Wannier orbitals ¢(r — Rpy)
!
T Z TO mf fmg + Z Tmnf fng
(10)
!
_ B2 [ 3rvd*(r _
Ton = 4 j d3rVe* (r — Rm)Ve(r — Rp)
(11)
!
- electron-lattice interaction
!
Hel = ZVeIOmf fmo + Z VeI mn]c fna
MENo
(12)
!



Velmn = j d3rop* (r — R)Vel(N(r — Ry)
(13)
)

- e-e Coulomb interaction (only two-center
terms included)

Hel — % Z ﬁmglﬁm(yz + % Z Vc,mnﬁmoﬁno’

Mo 162 mnoo’
(14)
l A A
Nme = fisfmo
l
Vo - € [ 19
(15)
x| ¢*(r—=Rm) |? | ¢(r=Rn) |2

l
- for well localized ¢(r — Rn) = Vemn = F\?rin

- note N3, = Ny
= "atOmIC |eve|” ea,m — To,m + Ve|,0’m < O



l
EXTENDED HUBBARD MODEL

l

H = Zéamnmg Z tmnf fna

MENo

+U Z Ao Ay + = Z Vemnfimg Ang:

mnoo’
(16)
l
- NOte, tmn — —(Tmn + Vel,mn)
l

- Brillouin zone wave vector basis

l



I?I — Z — Z tkﬁlgfka
Ko Kk

+ 2D Pk + 3 D VekPloPio
k

koo'

(19a)
!
te = Y the *Ro
Rn+0
Vek = ) (€2/Ry)elRr (19b)
Rn+0
- hote and

- usually is V¢ neglected and assumed
tn = O for n.n.

!

Small U Hubbard Model -metals
!

-smallU = U < W (band width)

!

- charge susceptibility (in imaginary
frequency ion)



l

: p .
re(kion) =~ | drer < Topu(2)pi(0) >

(20)
=200 + x11)
|
Pk = Pki + Pk (21)
l
xe(Kilon) = 7= 3P2(5;,'§E3<k, on)
(22)
|
- spin susceptibility ys(K,ion)
|
rs(K,ion) = —% I(ﬁ, dre'*r < T.s¢(7)sg (0) >
(23)
= 20n = xn)
l



Sk(7) = pxr — Pk (24)

!
: 2Pk, ion)

rs®lon) = - 0p oy %)

!
PRPA(K, iwn) = —35 D GG+ 0)
q

_ 1 NE($q) — NE(Skiq)

N ; ia)n +<§q —§k+q (26)
!

1) = ———O___ - (27)

1+ NOU + ﬁ

!

-in metals y¢.(k - 0) - 0

10



Charge collective modes forU <<W
|

- define x = k&
VF

-forx - 0

Pa"A0) = -N(0) (28)
- for Xx - oo (in d-dimensions)
l

RP k’a’E
PEPAk) = -8 (29)
w-d
l
- average "kinetic” energy E
l
E = & Ekjtknpesk)

l
ck = —tk —
l

- In metals

11



_ 2npa*k’E

rc(k = 0,0) = > > (30)
0)] _C()p|
l
4°noe?
COFZ)| = ﬂé;oor% (31)
l
- In metals plasma collective mode with oy,
l
- neutral systems = V. = 0 = pure
Hubbard model
l
2|2
Kok = 0,0) = —200AKE (357
W~ — Wy
- sound-like mode (v = a?UE/d)
wi = vik? (32b)
l
a - nearest neighbour distance
l

No - density of electrons

l

12



Antiferromagnetism and spin collective
modes

l

- [imit X - oo

!

2vzk2/U
®? + V2Kk?

rs(k - 0,0) = (33)

l

- there is relaxation mode we = IVcK

l
AF instability - 2D system with

l
- Case: half-filling no = 1 and u = 0)
- for 2D n.n. ex = —-2t(coskya + coskya)

l

- density of states

1 16t
N(w) = I 4
(@) 21t "o (34)

- static ys(K)
|

13



2P(K)

() = 77 UP(K)
-atT>0
!
-atk =0

PRPA(Q) ~ —% In %
-at Q = (T, )

Pk = Q) ~ —¢In?L

!

- AF (SDW) instability at Tspw
|
1+UPQ) =0

Tsow ~ te—27r(t/U)2

l

- for n < 1 AF fluctuations are inherent
(Fig.AF)

l

(35)

(36)

(37)

(38)

(39)
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Hubbard model with large U >>W
l

H= -t Z ﬁnafng + UZﬁmTﬁml

MENo m

(40)
l

- doubly occupation ("doublons”) is
suppressed for U >> W

|

- novel types of screening Iis expected

|

- Hilbert space {| a >=| 0>,] 2>, 1>, |]>}
- Hubbard projection operators X%/ ;

a,p=0,2,0 =t (+),0 = ()

|

XP = a><p | (41)
|

XaBX1S = § 5, X0 (42)
|

- "ugly” algebra

15



XX+ XIOXP = 8ij(8 5, XP0 £ 554 X7P

(43)
|
- completeness relation
|
X004+ X224+ "X =1 (44)
|
- fi, versus X*P
(ifo =t =& =|)
|
fi, = X% + X2
fl = X004 gX? (45)
n = 1— X% 4+ X22 (46)

S = fhfi = X = ()T = (X"

16



s = S -fifn - S0 -x0)

(47)
l
X VERSUS fi,
l A AA
Xo0 = f1(1—fA,): X°0 = fif,  (48)
X% = A, (1 - Ag) (49)
X% = (1-n)(1-ny) (50)
X% = ofth, ;. X2 = ofif,  (51)
X22 = NNy (52)
l

- Hamiltonian in terms of X% = correlated
motion of holes (electrons)

l
H = -t ) (XX + X27X02)

jo
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—t ) o(XOXFZ + XPXP) + U Y X?2

jo i
=H;+H;2+H> (53)

Hi1 = single hole motion = lower
Hubbard band

H, = two holes = upper Hubbard band
Hi>, = connect two bands

!
Effective Hamiltonian for U >>t

|
VARIOUS METHODS

l

- perturbation over U-term

|

- canonical transformation S = mixes
lower and upper band

l

Hetf = e°He ™S

= H+[SH]+ Z[S[SH]] +.. (54)

18



S=x ) (XX - XZX%)  (55)

jo

l
x = disappear all L-U processes ~ t
b
Hi2+[SH2] =0 (56)
l
Hefr = —t ) XPOX® + Ha,
jo
+JZ(SiSj —%ﬁiﬁj)+H2 (57)
jo
l

- exchange energy J = 2t%/U
- H, = motion of "doublons”

|
Ho = UD_ XZ2-t) X¥X2 (58)
i

jo
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l

- three sites term Hss (usually neglected in
t-J model)

l
Has = 35 D (XPOXTOXP — XPOXPoX)
il o
(59)
l
- projection on the lower band
l
PHerP = Hi,
l
Hu = —t ) X7OX® ++3 ) (SiS; - 21ify)
jo jo
= U XPOXP + 5 D (XTOXTT - XPOXT)
jo jo
(60)
l

- Spin operators S*, S? do not describe
correctly the electron spin!

20



S=0,1/2

|
S 5] = 20i
[S,S] = 40§ § (61)
2_3n . 3
S; A #F (62)
|
Ugly algebra of X*» = How to treat Hy ?
|
Various representations of X%
|
SLAVE BOSON METHOD
|
Fic - fermion (spinon); B; - boson (holon)
|
X% = F,Bf (63)
|

- constraint on Hilbert space
(completeness)

21



B'B+ Y FiF, =1 (64)

Hu =t FlLFiBiB + 2 ZF FioF Fig

ljo jjoc’
(65)
l
- partition function (Fi; - Grassman variable)
l
—jﬁ (L+Hy)dr
Z = | DAiDBDB;DF,DF,e o
(66)
|
ZF u)F,G+ZB, =B
+ Z Li(B/B; + Z Fi Fi,—1) (67)
l

- 1/N expansion as a controllable methods

22



l
SLAVE FERMION METHOD

l
X% = BjF

l

- constraint on Hilbert space

l
F'F+) BB, =1

l
SPIN FERMION METHOD

|
fﬁT + fﬁl =1-F'F

S = s(1-F'F)

Hi; = ZtZFiTFj(SiSj +
ij

1

A4

)

(68)

(69)

(70)

(71)
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+ 3 (L-F[F)(sis; - )L - F|F))
I

(72)
l
PROPERTIES OF REPRESENTATIONS
l

- nonuniqueness (ambiguity)
- Fermi-Boson diagram technique possible

- constraint gives rise to singular
kKinematical interaction

- difficult to find controllable approximation
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