
II. Hubbard model
and HTSC

¹

- Tight-binding model Hamiltonian

- Coulomb interaction and Hubbard model

- Hubbard model in terms of Hubbard
operators XJK

- strongly correlated system ì U ¹ W

¹

Tight -bindin g Hamiltonian
¹

- Hamiltonian for solid with N electrons
He = T + Hel + Hc

¹

He = X d3rf! !ÝrÞO0Ýp!Þf! ÝrÞ +

+ 1
2 X d3rd3r vf! !ÝrÞf! ÝrÞVcÝr ? r vÞf! !Ýr vÞf! Ýr vÞ

    (1)
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¹

áf! ÝrÞ,f! !Ýr vÞâ = NÝr ? r vÞ     (2)

¹

O0Ýp!Þ = p! 2/2m - kinetic energy of electron

VcÝr ? r vÞ = e2

Pr?r vP
- Coulomb e-e interaction

¹

f! ÝrÞ = >
i

d iÝrÞf!i     (3)

¹

- complete basis ád jÝrÞâ

X d3rd j
DÝrÞd iÝrÞ = N ji     (4)

¹

áf!i,f!j
!â = N ij

¹

- in solids two set of basis are usually used:
plane waves and tight-binding
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Plane waves basis
¹

f! ÝrÞ = 1
V
>
ka

f!kaeikrea     (5)

¹

f! !ÝrÞf! ÝrÞ = 1
V >

ka

_! ke?ikr     (6)

_! k = >
qa

f!k+qa
! f!qa

¹

- kinetic energy T

T = >
ka

Ok f!ka
! f!ka     (7)

¹

- Electron-lattice interaction (G-reciprocal
lattice vectors)
¹

Hel = >
G

Vel,G_! G     (8)
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¹

- e-e Coulomb interaction
¹

Hc = >
k

Vc,k_! k
!_! k     (9a)

¹

- Coulomb interaction Vc,k ,

Vc,k = 4^e2

k2PKI
    (9b)

¹

PK - dielectric function (high energy
screening)
¹

I = V/N
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Tight -binding basis
¹

- Wannier orbitals dÝr ? RmÞ

¹

T = >
ma

T0,mf!ma
! f!ma + >

m®na

Tmnf!ma
! f!na

    (10)

¹

Tmn = ¥2

2m X d3r4dDÝr ? RmÞ4dÝr ? RnÞ

    (11)

¹

- electron-lattice interaction
¹

Hel = >
ma

Vel,0,mf!ma
! f!ma + >

m®na

Vel,mnf!ma
! f!na

    (12)

¹

5



Vel,mn = X d3rdDÝr ? RmÞVelÝrÞdÝr ? RnÞ

    (13)

¹

- e-e Coulomb interaction (only two-center
terms included)

Hel =
U
2 >

ma1a2

n!ma1n!ma2 +
1
2 >

m®naav

Vc,mnn!man! nav

    (14)

¹

n!ma = f!ma
! f!ma

¹

Vc,mn = e2 X X d3rd3r v

P r ? r v P

× P dDÝr ? RmÞ P2 P dÝr ? RnÞ P2

    (15)

¹

- for well localized dÝr ? RnÞ ì Vc,mn u e2

Rmn

- note n!ma
2 = n!ma

- ”atomic level” Oa,m = T0,m + Vel,0,m < 0
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¹

EXTENDED HUBBARD MODEL
¹

HH
e = >

ma

Oa,mn!ma ? >
m®na

tmnf!ma
! f!na

+ U>
m

n!m·n!m¹ +
1
2 >

m®naav

Vc,mnn!man! nav

    (16)

¹

- Note, tmn = ?ÝTmn + Vel,mnÞ

¹

- Brillouin zone wave vector basis
¹

f!na = 1
N
>

k

f!kaeikRn     (17)

¹

>
n

f!na
! f!na = >

k

f!ka
! f!ka     (18)

¹
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HH
e = Oa>

ka

n! ka ?>
k

tk f!ka
! f!ka

+ U
N
>

k

_k·
! _k¹ +

1
2N >

kaav

Vc,k_ka
! _kav

    (19a)

¹

tk = >
Rn®0

tne?ikRn

Vc,k = >
Rn®0

Ýe2/RnÞeikRn     (19b)

- note and

- usually is Vc neglected and assumed
tn ® 0 for n.n.
¹

Small U Hubbard Model -metals
¹

- small U ì U ¸ W (band width)

¹

- charge susceptibility (in imaginary
frequency ign)
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¹

ecÝk, ignÞ = ? 1
N X0

K

dbeignb < Tb_kÝbÞ_k
! Ý0Þ >

= 2Ýe·· + e·¹Þ

    (20)

¹

_k = _k· + _k¹     (21)

¹

ecÝk, ignÞ =
2PÝk, ignÞ

1 ? ÝU + 2Vc,kÞPÝk, ignÞ

    (22)

¹

- spin susceptibility esÝk, ignÞ

¹

esÝk, ignÞ = ? 1
N X0

K

dbeignb < Tbsk
zÝbÞsk

z!Ý0Þ >

= 2Ýe·· ? e·¹Þ

    (23)

¹
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sk
zÝbÞ = _k· ? _k¹     (24)

¹

esÝk, ignÞ =
2PÝk, ignÞ

1 + UPÝk, ignÞ
    (25)

¹

Pa
RPAÝk, ignÞ = ? 1

N >
q

GÝqÞGÝk + qÞ

= 1
N >

q

nFÝYqÞ ? nFÝYk+qÞ

ign + Yq ? Yk+q
    (26)

¹

ecÝkÞ = ? NÝ0Þ

1 + NÝ0ÞU +
ksc

2

k2

    (27)

¹

- in metals ecÝk ¸ 0Þ ¸ 0

10



Charge collective modes for U <<W
¹

- define x = g

kvF

- for x ¸ 0

Pa
RPAÝ0Þ = ?NÝ0Þ     (28)

- for x ¸ K (in d-dimensions)
¹

Pa
RPAÝkÞ = k2a2E

g2d
    (29)

¹

- average ”kinetic” energy E

¹

E = 1
N >

k

tknFÝYkÞ

¹

Yk = ?tk ? W

¹

- in metals
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ecÝk ¸ 0,gÞ = ? 2n0a2k2E
g2 ? gpl

2     (30)

¹

gpl
2 =

4^2n0e2

PKm     (31)

¹

- in metals plasma collective mode with gpl

¹

- neutral systems ì Vc = 0 ì pure
Hubbard model
¹

ecÝk ¸ 0,gÞ = ? 2n0a2k2E
g2 ? gk

2     (32a)

- sound-like mode (vc
2 = a2UE/d)

gk
2 = vc

2k2     (32b)

¹

a - nearest neighbour distance
¹

n0 - density of electrons
¹
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Antiferromagnetism and spin collective
modes
¹

- limit x ¸ K

¹

esÝk ¸ 0,gÞ =
2vc

2k2/U
g2 + vc

2k2     (33)

¹

- there is relaxation mode grel = ivck

¹

AF instability - 2D system with
¹

- Case: half-filling n0 = 1 and W = 0)

- for 2D n.n. Ok = ?2tÝcoskxa + coskxaÞ

¹

- density of states

NÝgÞ = 1
2^2t

ln 16t
g     (34)

- static esÝkÞ
¹
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esÝkÞ =
2PÝkÞ

1 + UPÝkÞ
    (35)

- at T > 0

¹

- at k = 0

PRPAÝ0Þ i ? 1
t ln t

T
    (36)

- at Q = Ý^,^Þ

PÝk = QÞ i ? 1
t ln2 t

T
    (37)

¹

- AF (SDW) instability at TSDW

¹

1 + UPÝQÞ = 0     (38)

¹

TSDW i te?2^Ýt/UÞ2
    (39)

¹

- for n À 1 AF fluctuations are inherent
(Fig .AF)
¹
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Hubbard model with large U >>W
¹

H = ?t>
m®na

f!ma
! f!na + U>

m

n!m·n!m¹

    (40)

¹

- doubly occupation (”doublons”) is
suppressed for U >> W

¹

- novel types of screening is expected
¹

- Hilbert space {P J >ìP 0 >,P 2 >,P·>,P¹>}

- Hubbard projection operators XJK ;
J,K = 0,2,a =· Ý+Þ,a =¹ Ý?Þ

¹

XJK =P J >< K P     (41)

¹

XJKXLN = NKLXJN     (42)

¹

- ”ugly” algebra
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¹

Xi
JKXj

LN
± Xj

LNXi
JK

= N ij ÝNKLXi
JN ± NNJXLK

    (43)

¹

- completeness relation
¹

Xi
00 + Xi

22 +>
a

Xi
aa = 1     (44)

¹

- f!ia versus XJK

(if a =· ì a# =¹)
¹

f!ia = Xi
0a + aXi

a#2

f!ia
! = Xi

a0 + aXi
2a#     (45)

ni = 1 ? Xi
00 + Xi

22     (46)

Si
+ = f!i·

! f!i¹ = Xi
+? = ÝSi

?Þ! = ÝXi
?+Þ!
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Si
z = 1

2
Ýf!i·

! f!i· ? f!i¹
! f!i¹Þ = 1

2
ÝXi

++ ? Xi
??Þ

    (47)

¹

XJK VERSUS f!ia

¹

Xa0 = f!a! Ý1 ? n! a# Þ; Xaa# = f!a! f!a#     (48)

Xaa = n! aÝ1 ? n! a# Þ     (49)

X00 = Ý1 ? n! ·ÞÝ1 ? n! ¹Þ     (50)

X2a = af!a#
! n! a ; X20 = af!a#

! f!a     (51)

X22 = n·n¹     (52)

¹

- Hamiltonian in terms of XJK ì correlated
motion of holes (electrons)
¹

H = ?t>
ija

ÝXi
a0Xj

0a + Xi
2aXj

a2Þ
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? t>
ija

aÝXi
a0Xj

a#2 + Xi
2a#Xj

0aÞ + U>
i

Xi
22

= H1 + H12 + H2     (53)

H1 ì single hole motion ì lower
Hubbard band
H2 ì two holes ì upper Hubbard band
H12 ì connect two bands
¹

Effective Hamiltonian for U >> t
¹

VARIOUS METHODS
¹

- perturbation over U-term
¹

- canonical transformation S ì mixes
lower and upper band
¹

Heff = eSHe?S

= H + ßS,Hà + 1
2
ßS,ßS,Hàà + ..     (54)
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¹

S = n>
ija

ÝXi
a0Xj

a#2 ? Xi
2a#Xj

0aÞ     (55)

¹

n ì disappear all L-U processes i t

n = ? t
U

H12 + ßS,H2à = 0     (56)

¹

Heff = ?t>
ija

Xi
a0Xj

0a + H3s

+ J>
ija

ÝS iS j ? 1
4

n! in! jÞ + H2     (57)

¹

- exchange energy J = 2t2/U

- H2 ì motion of ”doublons”
¹

H2 = U>
i

Xi
22 ? t>

ija

Xi
2aXj

a2     (58)
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¹

- three sites term H3s (usually neglected in
t-J model)
¹

H3s = J
2 >

ijla

ÝXi
a#0Xl

aa#Xj
0a ? Xi

a0Xl
a#a#Xj

0aÞ

    (59)

¹

- projection on the lower band

¹

PHeffP = HtJ

¹

HtJ = ?t>
ija

Xi
a0Xj

0a + +J>
ija

ÝS iS j ? 1
4

n! in! jÞ

= ?t>
ija

Xi
a0Xj

0a + J
2 >

ija

ÝXi
aa#Xj

a#a ? Xi
aaXj

a#a# Þ

    (60)

¹

- Spin operators S±,Sz do not describe
correctly the electron spin!
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S = 0,1/2

¹

ßSi
+,Sj

?à = 2N ij Si
z

ßSi
z,Sj

±à = ±N ij Si
±     (61)

S i
2 = 3

4
n! i ® 3

4
    (62)

¹

Ugly algebra of XJK ì How to treat HtJ ?
¹

Various representations of XJK

¹

SLAVE BOSON METHOD
¹

Fia - fermion (spinon); Bi - boson (holon)
¹

X0a = FaB!     (63)

¹

- constraint on Hilbert space
(completeness)
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¹

B!B +>
a

Fa
! Fa = 1     (64)

HtJ = ?t>
ija

Fia
! FjaBiBj

! + J
2 >

ijaav

Fia
! FjaFjav

! Fiav

    (65)

¹

- partition function (Fia - Grassman variable)
¹

Z = XDV iDBiDBi
DDFiaDFia

D e
?X

0

K
ÝL+HtJÞdb

    (66)

¹

L == >
ia

Fia
! Ý /

/b
? WÞFja +>

i

Bi
! /
/b

Bi

+>
i

V iÝBi
!Bi +>

a

Fia
! Fia ? 1Þ     (67)

¹

- 1/N expansion as a controllable methods
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¹

SLAVE FERMION METHOD
¹

X0a = Ba
! F     (68)

¹

- constraint on Hilbert space
¹

F!F +>
a

Ba
! Ba = 1     (69)

¹

SPIN FERMION METHOD
¹

f!·
!f!· + f!¹

!f!¹ = 1 ? F!F     (70)

S = sÝ1 ? F!FÞ     (71)

¹

HtJ = 2t>
ij

Fi
!FjÝs is j +

1
4
Þ
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+ J>
ij

Ý1 ? Fi
!FiÞÝs is j ? 1

4
ÞÝ1 ? Fj

!FjÞ

    (72)

¹

PROPERTIES OF REPRESENTATIONS
¹

- nonuniqueness (ambiguity)

- Fermi-Boson diagram technique possible

- constraint gives rise to singular
kinematical interaction

- difficult to find controllable approximation
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