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l. Theory of EPI

- Quasiparticle self-energy = general many
body theory of EPI (GEP)

l
- Low-energy physics (LEGEP)

small wp/Er, 1/Kel, T/Er = simplification
of GEP theory

l

- Limitations of Frohlich Hamiltonian =
phonon spectra incorrect; bare vs
renormalized coupling

l
- LDA (DFT) approach to EPI

l

- Inadequacy of LDA for HTSC = local vs
nonlocal potential



Quasiparticle Self -Energy
!

- Hamiltonian of the system
— electrons + lattice

l

l

- Electrons

!
He = | d®rip (Neo(®ir(r) +

+ % J'd3rd3r’t/7f(r)t/7(r)Vc(r P A(B(S]

(2)
!
o),y ()} =6(r—r") 3)
!
eo(P) = p?/2m - kinetic energy of electron
Ve(r —r') = —&— - Coulomb e-e interaction

=l



- Lattice Hamiltonian

l
Hi = Hpa™ 4+ Hpnh
l
tharm: 1 ZM( dUn)z 1 ZV”(RO Rron)
n,m,o
+ ? Z(Gan — Gam)vavii (Rg — R(r)n)

n,m,a

+ % Z (Gan — Gam)(oﬁn — Oﬁm)vavﬁvii (Rg - qu)

n,ma,f
(4)
l
2a2 . .

Vi (R = Ri) = 55— - bare ion-ion
Interaction
l
0n = R, — RY - displacement operator
l
Hanh - anharmonic terms with respect to 0h
l



- Electron -lattice (ion) interaction

l

Hei = >, [ r[Vei(r = RE) + (i ()
(5)
!

Va(r —RY) = — ”fﬁ;o' - electron-ion potential

d(r) - distortion operator  nonlinear in 0,

l
O(r) = D _[Ve(r =R} — Q) = Ve(r —RY)]

n

— (/I\)harm(l’) + (,I\)anh(r)
n,a

+ % Z l’]anl’]ﬁnvaVﬁVe—i(r — Rﬂ) + ...

n,a,f

(6)



Dynamical equations
for electrons and lattice

l

How to determine electron and lattice
dynamics ?

Answer : Baym-Kadanoff method =
external potentials U(1), Us(1)

)
j drH ey = j dL[UD)¥ (D (1) + Ua(L)D(D)].
(7)

)

- introduce an effective potential Ue(1)

!
Uert(1) = U(L) + Vi + Vai(1) + (D(1)),
(8)

Vi = Ve(1 - D(AL))u — (A(1))u-ol,
(9)



V& (1) = Vc(1 - 1){(A(1))uo - Hartree potential
n(1) - electron density operator

(A(1))y - average for U(1) = O

|

Ve(1) = ) Va(r—RY.  (10)

l

- electron (G) and phonon (D) Green’s
functions

|
Gu(1,2) = —<Tv7(1)l/7’f(2)e_j frecs
(12)
= [G*(1,2 - 2(1,2)]
|
D(1,2) = —<T6i>(1)<i)(2)e_j Arfeny
(13)

= [Dg'(1,2 - 11(1,2)]



!
Go(1,2), Do(1,2) - bare Green s functions
!
G3H(1,2) = [(—=Z= —€o(Py) + 1)
1

(14)
— Uer(1) - VA(D]6(1-2)

l

3(1,2), T1(1, 2) - electron and phonon
self -energies

)
How to calculate X(1,2),I1(1,2) ?
!
- vertex function I s
!
0G1(1,2
[eri(1,2:3) = — ’ 15
eff( 3) 5Ueff(3) ( )
!



I"eff - electronic screening beyond the "RPA

- "RPA” screening is due to 6Vu/oUes

l
- electronic self-energy = (see Fig V.x)
l
-put U(1) - O
l — — — —
>(1,2) = —Vex(1,DG(1, DT es(2, 2; 1).
(16)
l —
Veii(1, 1) - effective retarded electronic
potential
l
Vei(1,2) = Ve(1 - Deg(1,2)
(17)
+e34(1, DD(L,2)e54(2, 2),
l

ce(1, 2) - electronic dielectric function

|



£51(1,2) = 6(1—2) + V(1 - 1)P(1, 2)e51(2, 2),

(18)
|
P(1, 2) - irreducible electronic polarization
|
P(1,2) = 56”%)2) — G(1,2Ter(2,3,2)G(3, 1)
(19)
|
- functional equation for Tert(1,2;3
|
[ef(1,2;3 = 0(1—-2)0(1-3)
02(1,2) ~,7 = = 7. i
+ SG(L2) G(1,3)Iert(3,4; 3)G(4, 2)
(20)
|
— see Fig.I'
|

- total dielectric function  &i(1, 2)
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(1,2 = ) = 51,2+ (1,2
(21)
l
- self-energy via (1, 2)
l
2(11 2) — _VC(11 _B)gt_ojf(éi 1)6(11 _Z)Feff(é1 2’ 1)
(22)
l
- quasiparticle spectrum
l
Gik,w) =0

ok~ (K5 )~ Skon) =0 (23)
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LATTICE DYNAMICS
|

- assume harmonic phonons
(1 = {71,Rn1})

l

- non-standard definition of phonon Green’s
function

!
D(1,2) = VzVeD;3V5Vel (24)

l

- standard phonon Green’s function

|
Dop(1,2) = <(T0,(D)0s(2)).  (25)

lDYSON EQUATION = see Fig.D
I
D;3(1,2) = Dghp(1,2) — Mup(L,2).
(26)
I
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Dg! - inverse bare phonon Green'’s function

l
D(1,2) = [Ma% FUL(DIS(L-2)1-C(1-2)
1
(27)
Cup(1-2) = 0(r1—12) 0°Vi (Rn, —Rr,)
i SO aRY, ARY
02V;i (RS —R9)
~5(1-2) AL
2 Ry, o7,
(28)
l
- phonon self -energy I1,3(1 - 2)
l
[Tep(1-2) =

jdr3d4)((|’3’[, 4)Vavel(r3 — Rgl)vﬁvel(r4 o Rgz) -

13



Onyn, Z jdl’gdl’4%(l’31’,l’4f+)va X

N3+N1

(29)
Vea(rs — R%)VaVe(rs — RY)
l
- charge susceptibility  y¢(1,2)
|
1:(1,2 = P(1,2e1(2,2  (30)
l
- phonon spectrum (and life-time)
detD, 5(k,w) = 0. (31)
|
Discussion

- Functional equations for G, I'er, D, P
- Practically impossible solution
- How to simplify the problem?
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LOW-ENERGY PHYSICS

(LEGEP)
l
- small wp/Eg, 1/kil)
l
- adiabatic approximation due to £> <<'1
J
MIGDAL THEOREM = X is linear in D
|
Feff(l, 2, 3) = Fc(l, 2, 3) + 5Fep(1, 2, 3)
(32)
l
. _ 0Zep(1,2)
olep(1,2;3 50e(3) (33)
l
— see Fig. Migdal
l

- pure electronic vertex I'c(1,2;3

l
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02c(1,2)

Io(1,2:3 = 5(1—2)8(1-3) +

5Ueff(3)
(34)
l
- total self -energy X(1,2)
|
21,2 = 2c(1,2 +Zep(1,2 (35)
|

- electronic part of self-energy (1, 2)

!
¥o(1,2) ~ -V(1,1)G(1,2I'(2,2: 1),

(36)
l
VE¢(1, 2) - screened Coulomb interaction
l
VE(1,2) = Ve(1,286'(2,2)  (37)
l

- EPI self-energy Zep(1, 2)
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!
Yep(1,2) = —Vep(1,2)T(1,3 1)G(3,4T" (4, 2;2),

(38)
|
Vep(1,2) - screened EPI interaction
|
Vep(1,2) = e2(1, )VVea(1)D(1, 2)VVe(2)est (2, 2)
(40)
|

- Low energy physics = high energy
processes should be integrated out

J
renormalized parameters g, 4, m*
l
G(k,a)n) — 2 l
lon — (kK°/2m— ) — Z(K, on)
l

= GY(Kk,wpn) + GMI(K,wn)  (41)
= O(s 1) + O(s?)
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l

w¢ and Sk, separate small s < 1from s°

l
- definition small
l
S<wcx 1 (42)
l
- analogous separation for phonons
l
Dlow(k,a)n) ~ SO, Dhigh(k,a)n) ~ 82.
(43)
l

- note M ~ m(Er/awpn)? ~ 72

DOO ~ 1/M60%~ SZ , Dn ~ W¢ and DOO ~ 1,
Oon < ¢

l

- further simplification:Coulomb part £.(1, 2)

l

18



(1,2 = 29(1,2 +2(1,2),

(44)
l
O L Land s ~s.
l
- for further purposes define %
l
20(1,2) = {U(1) + Vea(l)
(45)
+Va(DYs(1-2)+29(1,2).
l
- note U, Ve, Vy ~ Y
l

- Fourier transform with respect to time (and
for small wn) = 2o

!
Yo(X,Y,0n) = Zo(X,Y,0) +2Z5(X,Y,0) ¢ ion.
(46)
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- note X, e w, ~ st because w, ~ st
|
- note (1,2 contains G'o¥(1, 2)

l

- similar analysis holds for X¢p(1,2) ~ S

l

- separations o fterms s’ and st

U

20



LOW-ENERGY DYSON EQUATION
l

lionZc(X,%) — Ho(X,%) = TP (X, X, wn)
o zep(xi)_(’a)n)] X GIOW()'(’y’a)n) — 5(X — y)’
(47)

l
high -energy processes in Zq(X,y), Ho(X,Y)

l

Ze(X,y) = 6(X —y) —2p(x,Y,0),
(48a)

Zo(x,2)Z:(2,y) = 5(x -y)  (48b)
!
Ho(X,Y) = (=5 V4 = p3(X = ¥) + Zo(x,Y, 0)
(49)
!

- renormalized Green’s function G'"

l
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G'eN(X,y,wn) = Z82(X,X)G(X, ¥, 0n) Z&%(¥,Y)
(50)
|

- Ideal band -structure Hamiltonian
hO(Xiy)

!
ho(X%,Y) = Ze"(X,R)Ho(X, ¥, 0n)Z4(¥,Y)

ho(X,Y) = (=5 VE = W3(X = ¥) + Veen(X,Y).
(51)
l

- many -body excitation nonlocal
(crystal ) potential Vyen(X,Y)

l
Ven(x,y) = To(X,Y,0) + 6T(X,Y)
(52)

OT(X,Y) = Zc(X,¥)To(¥,2)ZM(Z,y) — To(X,Y)
(53)
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- electron "kinetic energy” To(X,Y)

l
To(X,Y) = (—5= V% — )3(x - ¥)
(54)
|
- V™®(X,y) meaningful for ok < Kkr
l

- LDA potential Vs x(X,y) = V®(X,y) ! (see
latter )

l

- define quasiparticle vertex function """

l
rren(1,2:3 = Ze"r.ze®  (55)

l

- renormalized self-energies 2. cep

!
SN (X, Y, 0n) = Z5VA(X, R)ZEN(X, ¥, 0n) Zc (¥, Y).
(56)
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DYSON EQUATION FOR G'™"(X, Y, mn)
!

[iond (X — X) — ho(X,R) — =X, X, on)

- X8'(X, X, 0n)]G™"(X,Y,0n) = 6(X = Y)To,
(57)

!
s ren sren ook like e, Zep in Eqs(36— 38)

|
but with G, "¢ replaced by G'e", e

24



LEGEP method
l

- project high-energy into low-energy
sector

%find the ideal band structure spectra &;(p)
l
ho(X, ¥)Wip(¥) = Si(P)¥ip(X).
(58a)
l

- expand G™"(X,y,wn), I'"™", g¢, VVe
In basis Yip(X)

l

- write down Eliashberg equations
in basis Y p(X)

l

- LEGEP is never realized for strongly
correlated systems !

l

- vertex I'""(1, 2;3) and €¢(1, 2) are unknown

25



l
-* LEGEP is partly realized in t-J-EP model

l
- £i(p) different from LDA spectrum

l

&i(p) = &P(p) (58D)
l
- in weakly correlated s,p-metals Na, Mg, Al
J

&i(p) = EPA(P)

26



Limitations of the Frohlich
model
!

- most papers treat EPI in the Frohlich
model!

- assume monoatomic (with mass M ) unit
cell (with 1e/cell)

-case T=0K
!

_ h 1/2 i igRO
un(0) =1 eqa(bgan + b gy )e 9 n
(0) %( zNnga) qa (D + blgy)

(59)
!

Her = Z ) kfkgfkc + Z wo(ququ + )

+ Z Ok k+qfk+qofk6(biqx + bga)
K,0,q,A

(60)
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l
ASSUMPTIONS (to simplify calculation)

l

- bare” isotropic spectrum &g = ex — u

- "bare” dispersionless phonons o§} = wo
- no explicit Coulomb interaction

- "bare” EPI coupling g y.q = 9o

l

- Renormalized phonon Green’s function
D(gA\, )

l
DA, o) = -1 <0 | T(qu(t)ng(O) | 0 >,
(61)

Bq}\, — bq}\‘ + biq}\‘
l
- "bare” Green'’s function Do(K, )

|

Do(0h, @) = —5—228 (62)

w? —w§+in

28



|
- Egs.(28-31) for D-X(gl) = D3t —I1

|
-define q = (g, 0)

_ 2600
PO " TR+ AoPa(@/NO)
(63)
l
- "pbare” EPI coupling constant A¢
l
_ on(0) 90
Lo = 2N(0) 2 (64)
- polarization operator Po(q)
l
Po(q) = —2|J' - )4 Go(P)Go(p + Q)
(65)
l

im g-06-0Po(q) = —N(0)

29



l

- phonon spectrum wren(q) for g - 0

WDren = 0)01/ 1- /lo (66)
l

- lattice stability = w7%p >0 = Ao <1 !

|

- electron Green'’s function for @ < wg

l

_ 1+2A)*
Gk @) w — Ex —iosign(k — kg)
(67)
l
- renormalized quasiparticle spectrum &y
l
GOk

ok = 1+ A (68)
l
- effective mass m* = m(1+ A1)
l

- for weekly g-dependence Po(q) ~ Po(0)

30



(69)

l

- the renormalized coupling 4 iIs measurable
guantity

-noteforAp - 1onehasA - o = no
limitations on A !!

l
CONCLUSIONS

|

- the "bare” EPI coupling 4o is undefined
quantity = Coulomb interaction is not
taken into account

l

- phonon spectra can not be calculated in
the Frohlich model

- most conclusions in the Frohlich model on
the limiting value of 1 < 1 are unfounded

-in PbBi alloys A = 2.5 !
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LDA (DFT) approach to EPI

l
H{pe(r)} =T+ Vc+ Vg (70)

l
Ne
Vel — Zvel(ri), Vel(ri) — Zvel(ri - Ra)
=1 a

(71)
l

- H{pe(r)} with non -degenerate ground
state | ¥q)

l
| Wg) =| Ygipe(n)}) (72)
l

- Ground state functional E{pe(r); Vel (r)}
l

E{pe(r);Veal(r)}
(73)

= (Wgipe(r)} | Hipe(r)} | Pgipelr)}).

32



l
- Hohenberg-Kohn theorem (at T = 0 K)

l
= | WYg) and E{pe(r); Vei(r)} unique
functionals on pe(r) for given V()

l
l
E{pe(r)} = F{pe(n)} + | d¥rpe(n)Vai(D).
(74)
l
- F{pe(r)} is unknown functional
J
APPROXIMATIVE SCHEME
l
- Kinetic energy functional of free electrons
l
Toipe(N} = (FYogipe()} | T | Yogipelr)}),
(75a)
l
l

33



- Free-electron ground state

| Wog{pe(r)}) = def¥i(ri)],
(75b)

pe() =D | W) |2 (75¢)

K

- the exchange-correlation term Exc{pe(r)}
picks up correlations beyond Ha

l

F{pe(n)} = Tolpe(n)) + 2 [ dr [ ¥ fﬁf}f’rﬁf")

l
-Minimum of E{pe(r); Vei(r)}

l

5T§,{3€(6r()r)} + Vei(r) + Vu(r) + Vxc(r) = g,

(77)
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Vi (r) = Idsrr p(r’) L Vye(r) = O0Exc

[ r=r"| ope(r)
(78)
l
1 - chemical potential
l
- Wi(r) solution of the Kohn-Sham equation
l
A2
[+ Vg(NIPK() = ec¥k(r),  (79)
l
- The ground state potential Vy(r)
l

Vg(l’) = Vei(r) + V() + Vxc(r) (80)

- The unknown exchange-correlation
energy Exc{pe(r)} nonlinear and nonlocal
guantity of pe(r)
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LOCAL DENSITY APPROXIMATION
(LDA)

!
!
Exc is local
l
Excipe(D} = | [ d3rpeNexc(pe(n),
(81)
l

- Hedin-Lundquist interpolation formula for
ch(l’)

l
Vxc(r) = —1.5a(pe(r))(Bpe(r)/im) 1>,
(82)

l
- Ground -state energy
Eg{Veal(r)} = MIinE{pe(r);Ve(r)}

!
Ne

Eg{Va(N)} =D eP*+
k=1

36



N % Id3rpe(r)[—VH(r) — 2Vxc(r) + 2exc(pe(r))]
(83)
l

- The spectrum e£* is an auxiliary
quantity by which Eg is calculated

|
- etPA is in principle not quasiparticle
excitation energy

l

- Ideal band -structure is due to ho(X,Y)
(see Eqgs.51-58)

|

- EPI is dynamical effect due to excited
sguasiparticles

|

- In practice the LDA band structure is
calculated and used for EPI

How to calculate EPI in LDA ?

- "Phonons” = V4 - Vy+0Vq
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V() = D Vot =Rn) y (84)

ORn
|
SNg(r —Rp) o,
95Rn = VVei(r — Rp)
OVH(r) | 0Vxc(r) 5 ope(T)
"Spe® o0 | oRy
(85)
|
- linear response theory
|
Pa(r) = B0y (r, 7y el = Ru)
- r-Rn
= 220D (g
|

- (Non)interacting y¢ (and y.) charge
susceptibility

l
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- static LDA "vertex” function I' pa

l

FLDA(r, I’/) = 5(|’ — I’/) + 55\1/0Xecz(rg) )((C)(F,Fl)FLDA(Fl,I’/:
(87
l
6VggR_n Rn) = FLDA(r, T)ggl(T,h, O)VVei(Fl—Rn).
(88)
l
The LDA static e(r,r’,0)
l
eat(r,r',0) = 6(r —r") + Vc(r =D yc(T,r'),
(89)
l
xe(r,r') = x2(r,r') + [Ve(r = T)
i 5(;; Xei(rr)) 170, F1) ye(For)  (90)
l
l
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- LDA EPI coupling constant g,

l
O (k') = Zg%?.@(k,k’)

= | 258D ) OD)

- 9%,V (k,k') is due to the ground state

properties

- Note, real g,,(k,k") is determined via the
excited states and nonlocal V"*"(x,y)!

- What to do with g, (k,k") ?

- In practice one uses Eliashberg equations
and replaces g, '(k,k") = gipP(k, k")

- LDA is good for phonons  which are due
to ground state spectra

l
Linear - response method for
(LDA)(k k )

aII’

l
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- Instead of calculating I' pa(r,T;) and
e (T1,T2,0) (difficult job)

|

use the Kohn-Sham equation with phonons

|

0
ACUEDY MO G

= (ef + Z ;k W) (92)

- The solution Iin the form

!
Pi(r) = PRr) +
+ 3 5;%&” u, (93)
!
p° SWR(r)
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sel  oVg(r)

— [5Rn o 5Rn ]\PE(I’) (93)
l
0 (023
T = D) Tl gy et
(94)
l

- Nk the Fermi function at T=0 K
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